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Abstract. We study the implications of a pseudo-phase-space density power-law for the
anisotropy profile of a Milky Way-like dark matter halo. Requiring that the anisotropy
parameter does not take non-physical values within the virial radius places a maximum
value on the local radial velocity dispersion. For a plausible range of halo parameters, it is
possible to take a local total velocity dispersion of up to about 300 km/s. Making this choice
uniquely specifies the anisotropy and dispersion profiles. We introduce a way to model the
local velocity distribution that incorporates this anisotropy and study the impact on direct
detection.
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1 Introduction
The shape of the velocity distribution is an important influence on predictions for detection
of galactic dark matter (DM) [1], both indirect [2–4] and direct [5–8]. N-body simulations tell
us the mass distribution of dark matter in galactic halos, but velocity data is more subject
to numerical noise and is thus more difficult to measure. Making assumptions about the
phase-space density, one can derive the velocity distribution from a mass density profile [9].
This usually involves constraining the anisotropy profile to a certain functional form [10–13]
(alternatively, see [14]). Here we derive the anisotropy profile using only information from
models of N-body simulations and the Jeans equation (see also [15]). We impose the physical
condition that the anisotropy profile does not rise above one inside the halo, and we discover
that this constrains the velocity dispersion profile. In particular we discuss the maximum
value implied for the local velocity dispersion. We assume halos are spherically symmetric
(see [16, 17] for studies of velocity anisotropy in aspherical halos) and in equilibrium within
their virial radius. It should be kept in mind that while any function that satisfies the colli-
sionless Boltzmann equation also satisfies the Jeans equation, the converse is not necessarily
true.
For some years now, it has been apparent that measurements of the pseudo-phase-space
density (PPSD) of simulated halos follow a power-law over many decades of radius [18–
20]. Some early work extrapolated central isotropy everywhere and derived the halo mass
distribution from this power-law [21–23]. Work has also been done to explain the dynamical
origins of such a power-law. We will study how assuming a density profile and a PPSD power-
law completely specifies the dispersion profile and anisotropy profile of a halo. The sensitivity
to the precise slope of the PPSD power-law will be considered. This may be important since
evidence for a PPSD power-law so far comes from DM-only simulations. It is becoming
viable, however, to include complicated baryonic effects in simulations, which may result in a
PPSD slope so far unmeasured or erase the power-law trend completely. Specifically we will
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use PPSD slopes of 2, which corresponds to the isothermal profile, 35/18 = 1.94, the critical
value discussed by Dehnen & McLaughlin [22], and 15/8 = 1.875, the value first found by
Taylor & Navarro [18]. We focus on a Milky Way-sized DM halo, which is specified by the
halo parameters: the virial mass Mvir, the scale radius rs, and the concentration c ≡ rvir/rs,
and we use the profile by Navarro, Frenk, and White.
In Section 2 we outline the derivation of the anisotropy profile from the Jeans equa-
tion, the halo profile, and the PPSD profile. Section 3 shows how the anisotropy profile
places upper limits on the local velocity dispersion. The anisotropy profile itself is presented
in Section 4, accounting for uncertainty in the input parameters. Section 5 introduces an
anisotropic model for the local velocity distribution, which is used to calculate basic predic-
tions for a generic direct detection experiment. We conclude in Section 6, which is followed
by appendices containing some details.
2 Deriving the Anisotropy Profile
We use the Navarro, Frenk, and White (NFW) profile [24]. General expressions and some
details specific to NFW are deferred to Appendix A. The mass distribution is
ρ(x) =
ρs
x (1 + x)2
, (2.1)
where ρs is the scale density and x ≡ r/rs is the dimensionless radius. Solving for the
contained mass M(x) gives us the scale density ρs in terms of the virial mass Mvir ≡ M(c)
and concentration c.
Following Taylor and Navarro [18] (also see [22]), we take the PPSD to be a power-law
with negative slope α:
ρ
σ3r
=
ρs
σ3r,s
x−α. (2.2)
The radial velocity dispersion is now known (eq. A.8), and its value at the scale radius σr,s
may be set by assuming a local radial velocity dispersion σr,⊙.
The anisotropy parameter β is defined as
β ≡ 1−
σ2t
2σ2r
, (2.3)
where σr is the radial velocity dispersion and σt is the tangential velocity dispersion
1. From
the integral Jeans equation [9], we can solve for the anisotropy parameter (compare with [15,
25]),
β(x) =
5
6
γ (x)−
α
3
−
GM(x)
2xrsσ2r (x)
, (2.4)
where we have defined the negative log-log slope of the density γ(x) ≡ −d log(ρ)/d log(x).
We know the contained mass M(x), and we know the radial velocity dispersion σr from the
mass density and PPSD, so we have
β(x) =
5
6
γ (x)−
α
3
− Σ−2f(x;α), (2.5)
1We define the tangential velocity dispersion such that σ2t = σ
2
θ + σ
2
φ = 2σ
2
θ .
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where f(x;α) is a somewhat complicated function of x, with α its sole parameter (i.e. it does
not depend on the halo parameters or σr,s, see eq. A.9 for the full expression). The quantity
Σ is a dimensionless measure of the radial velocity dispersion at the scale radius, defined as
Σ2 ≡
σ2r,s
4piGr2s ρs/3
=
σ2r,s
V 2c,s
, (2.6)
where Vc,s is the circular velocity at the edge of a spherical mass of radius rs and constant
density ρs.
To summarize the necessary ingredients that go into eq. 2.5, we need the PPSD slope α,
the halo parameters Mvir, rs, and c (one of which may be determined by the local halo
density ρ⊙), the local radial velocity dispersion σr,⊙, and the local (solar) radius r⊙.
3 Constraints from the anisotropy parameter
It is shown in Appendix B that the anisotropy parameter for a NFW profile with PPSD slope
α ≈ 2 has asymptotic limits
β(x)→
{
(5− 2α)/6 for x→ 0
(15 − 2α)/6 for x→∞
(3.1)
This is acceptable in the small-x limit, where β → 1/6 for, as an example, α = 2. However, in
the large-x limit, with the same value of α, β → 11/6, which is greater than one, implying an
imaginary velocity dispersion. Requiring that β ≤ 1 as x→∞ would imply α ≥ 9/2, which
is a far steeper slope than seen in simulations. This unphysical behavior in β may naively
suggest that we cannot have a physical model that simultaneously exhibits an NFW density
profile and power-law PPSD, but really this requirement for physical-ness is too restrictive.
We do not expect the models or assumption of equilibrium (via the Jeans equation) to hold
beyond around the virial radius. Requiring that these models are consistent and physical
only up to just before they are expected to break down is, however, reasonable and still has
consequences elsewhere in a halo. Thus, let us just require that the anisotropy parameter is
no greater than one everywhere within the virial radius.
Mathematically, we require
∀x ≤ c : β(x) ≤ 1. (3.2)
We can effectively satisfy this for our purposes by requiring that β(c) ≤ 1. This gives a
maximum value for Σ (eq. A.10) that depends only on the concentration c (by way of the
virial mass) and PPSD log-slope α. For reasonable values of c and α, this upper limit is
of order one. From the definition of Σ in eq. 2.6, this immediately gives an upper bound
on σr,s (eq. A.11) and thus also on σr,⊙ (eq. A.12) in terms of the halo parameters and r⊙.
Once σr,⊙ is set, the anisotropy profile β(x) is totally specified, including the local anisotropy
parameter β⊙ = β(x⊙). The total velocity dispersion profile σtot is then also given, using the
relation σ2tot = (3− 2β)σ
2
r . We find that σtot,⊙ depends monotonically on the choice of σr,⊙,
so we finally have an upper bound on σtot,⊙ (eq. A.13).
4 Uncertainty in the Maximum Local Dispersion and Anisotropy Profile
We have derived an upper limit on the local total velocity dispersion σtot,⊙, subject to the
constraint that the anisotropy profile β(x) is no more than one up to the virial radius. This
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Figure 1: Maximum value of the local total velocity dispersion σtot,⊙. The gray band reflects
the uncertainty in the halo parameters: the spread is over the 68% confidence intervals in
Table 1. The solid red line marks the mean value for σtot,⊙ found by Catena and Ullio, while
the dashed and dotted red lines mark their 68% and 95% confidence intervals [7].
lower 95% lower 68% mean upper 68% upper 95%
Mvir [10
12M⊙] 1.23 1.33 1.49 1.64 1.86
c 13.93 16.59 19.70 22.90 24.6
ρ⊙ [GeV/cm
3] 0.338 0.365 0.389 0.414 0.435
r⊙ [kpc] 7.67 8.00 8.28 8.55 8.81
σtot,⊙ [km/s] 276.7 281.7 287.0 292.2 297.2
vesc [km/s] 528.5 539.7 550.7 561.7 573.3
Table 1: Assumed ranges for the halo parameters, solar radius, local total velocity dispersion,
and local escape speed. Taken from Table 3 of [26] and Table 1 of [7].
upper limit (eq. A.13) depends on the PPSD slope, the halo parameters, and the solar radius.
There is significant uncertainty in these quantities. To get an idea of the uncertainty in the
upper limit of σtot,⊙, we will use the results of Catena and Ullio [26], summarized in Table 1.
With these ranges of parameters, we plot the upper limit of σtot,⊙ versus the PPSD slope
α in Figure 1. The dark, solid line uses the mean values in Table 1, while the upper and
lower dashed lines take the extreme values of σtot,⊙ allowed by the 68% confidence intervals
in Table 1. In other words, the band in Figure 1 includes all combinations of parameters
within the 68% confidence intervals. This is one of our main results. Also shown is the mean
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Figure 2: The anisotropy profile for α = 2, corresponding to the isothermal case, as a
function of x ≡ r/rs. The gray band reflects the uncertainty in the halo parameters: the
spread is over the 68% confidence intervals in Table 1. The two pairs of vertical lines represent
the 68% confidence interval for the local radius r⊙ and halo scale radius rs.
value and 68% and 95% confidence intervals for σr,⊙ in [7].
Actually choosing a value for σr,⊙ (or σtot,⊙) determines the anisotropy profile, but this
quantity is also uncertain. We use the results for σtot,⊙ from [7] and then take σ
2
r,⊙ = σ
2
tot,⊙/3,
which is used to find the anisotropy profile in eq. 2.4. Note that the factor 1/3 corresponds
to the isotropic case. As we will see, we find only radial bias at the solar radius. Given the
same value of σtot,⊙, radial bias implies a larger value of σr,⊙, which in turn gives a greater
local radial bias2. So as far as predicting departure from isotropy, this is a conservative
approximation.
We plot the anisotropy profile for fiducial values α = 2, 35/18, 15/8 in Figures 2, 3,
and 4. The solid curve takes the mean values in Table 1 while the dashed curves are the
extreme cases, with all parameters within the 68% confidence interval in Table 1. The vertical
lines mark the 68% lower and upper limits of x⊙ = r⊙/rs and c. For example, if we assume
a PPSD slope of 35/18 (Figure 3), we might expect a local anisotropy parameter of at least
approximately 0.2 and no more than about 0.4.
Generally, the profile is slightly radially biased near the center, reaches a minimum
at around a tenth the scale radius, and rises to a (local) maximum of around 0.4 to 0.6
2Successive adapting of the relation between σr,⊙ and σtot,⊙ would, of course, converge to the correct
“trial value” for β⊙.
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Figure 3: The anisotropy profile for α = 35/18, the critical value discussed in [22], as a
function of x ≡ r/rs. The gray band reflects the uncertainty in the halo parameters: the
spread is over the 68% confidence intervals in Table 1. The two pairs of vertical lines represent
the 68% confidence interval for the local radius r⊙ and halo scale radius rs.
before the virial radius. We see in all cases that for x → 0 the anisotropy parameter rises
slowly to the value in eq. B.3, which is independent of the halo parameters. See [27, 28] for
discussion of central anisotropy. Here we do not presume that either assumed model, of the
mass distribution or PPSD, necessarily stays valid at very small or very large radii. See [29]
for an investigation of the break-down of the PPSD power law.
5 Anisotropic velocity distributions and predictions
Recently, close attention has been paid to the form of the velocity distribution used to
calculate predictions for indirect and direct DM detection. In some cases the functional form
can make a significant difference. Especially, the assumed velocity distribution influences
the interpretation of results from direct detection experiments [7, 30, 31]. Here on we focus
on the local distribution and suppress the subscript ⊙. We introduce a new, anisotropic
generalization of the model proposed by Mao, et al. [32]:
f(v) ∝ exp
{
−
√
v2r
v2r,0
+
v2t
v2t,0
}(
v2esc − v
2
)p
, (5.1)
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Figure 4: The anisotropy profile for α = 15/8, the value found in [18], as a function of
x ≡ r/rs. The gray band reflects the uncertainty in the halo parameters: the spread is over
the 68% confidence intervals in Table 1. The two pairs of vertical lines represent the 68%
confidence interval for the local radius r⊙ and halo scale radius rs.
where vr = v cos (η) and vt = v sin (η) are the radial and tangential velocity components and
η is the angle from the radial direction. The parameters vr,0 and vt,0 are not dispersions
but just velocity scales. The exponent p characterizes the high-velocity tail. The function is
normalized so that
∫
dvf (v) = 1. We choose this distribution because of its recent success
in modeling the Eris simulation (see Fig. 3 in [33]). For consistency with that study we take
p = 1.5, which was used to model the ErisDark results3. The escape speed vesc is given by
the combined gravitational potential of both the DM halo and any other matter, and we use
the mean value in Table 1. The total dispersion σtot and the anisotropy parameter β are then
determined by the parameters vr,0 and vt,0. We require that the total dispersion equals the
mean value in Table 1 and solve for vr,0 and vt,0 such that the desired anisotropy parameter
is generated. Of course, the original, isotropic distribution is recovered when vr,0 = vt,0. See
Appendix C for details on the selection of values for vr,0 and vt,0.
We have checked that the uncertainties in the values of σtot and vesc have a small impact
on the following calculations. More importantly, the uncertainties affect both the isotropic
and anisotropic cases equally once β has been chosen. So for the purposes of investigating
3We do not take the Eris parameter p = 2.7 for two reasons: we have not considered baryonic effects on the
PPSD profile, and because such a steep cut-off makes it difficult to achieve anisotropy greater than β ≈ 1.0
with the model in eq. 5.1.
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Figure 5: The function g (v, t) defined in eq. 5.2. Solid lines are calculated in June; dashed
lines are calculated in December.
the importance of modeling deviation from isotropy, we show only results using the mean
values in Table 1.
We use the function in eq. 5.1 to model the local velocity distribution with the intention
of understanding the impact that anisotropy can have on direct detection. For the purposes
of this work, we assume a conservative value of 0.2 for the anisotropy parameter β. It is
straight-forward to calculate the function
g(v, t) = ρ⊙
∫ pi
0
dη sin (η)
∫ 2pi
0
dψ vf (vhalo) , (5.2)
where vhalo is the velocity vector boosted from the detector frame to the halo frame [7]. The
boost depends on the time of the year t. In Figure 5 we plot this function for June and
December; for the isotropic case and the anisotropic case. Using the function g (v, t), the
differential detection rate is found by specifying a velocity threshold vth for DM particles in
the detector frame:
dR
dQ
∝ G (vth, t) ≡
∫
v≥vth
dv g (v, t) . (5.3)
The velocity threshold is determined by the specifics of any particular experiment and the
DM particle mass, and we leave it free. Figure 6 plots the function G, averaged between
June and December, for the isotropic and anisotropic cases, with the fractional difference
∆G = (GAni −GIso) /GIso. (5.4)
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Figure 6: The time-averaged function 〈G (vth, t)〉t as a function of the velocity threshold
(see eq. 5.3) and the fractional difference between the isotropic to anisotropic cases.
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Figure 7: Signal modulation amplitude as a function of the velocity threshold and the
fractional difference between the isotropic to anisotropic cases.
We also consider the modulation amplitude of the signal, defined here as half the dif-
ference between the rate in June and the rate in December:
A (vth) = |G (vth, tJune)−G (vth, tDec)| /2. (5.5)
This is plotted in Figure 7 for the isotropic and anisotropic cases, with the fractional differ-
ence, analogous to eq. 5.4.
6 Conclusions
Combining models of the mass distribution and pseudo-phase-space density, the Jeans equa-
tion gives us a particular anisotropy profile. We have plotted this profile for a few represen-
tative values of the PPSD slope and for a spread of parameters that describe the galactic
halo. These profile shapes are consistent with those shown in Figure 1 of [15], although those
results exhibit less anisotropy overall. The anisotropy profiles found in [34] are also similar
but were derived from models of the phase-space distribution. The difference in methods
strengthens both their results and these.
We have used an anisotropic modification to the model proposed by Mao et al. [32],
which was also used to model the Eris simulation. We find that assuming a local anisotropy
of approximately 0.2 is reasonable and conservative. In the Eris simulation, a comparable
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amount of radially biased anisotropy was found at the location corresponding to the solar
radius (this is roughly seen by measuring the half-maximum width of the radial and azimuthal
distributions in Figure 2 of [33]). On the other hand, the results of [26] favor a local tangential
bias, though the small local radial bias found in this work and others already mentioned is
approximately within their 95% confidence interval.
Different direct detection collaborations have found contradictory results (e.g. see [35]).
Part of the general goal in studying the local velocity distribution is to alleviate these discrep-
ancies. Since different experiments can have different threshold velocities, Figure 6 suggests
that the difference between observed signals can vary by several percent due to the effect of
local anisotropy. This may seem small, but it is comparable to the uncertainty introduced
by considering different density profiles [7]. The modification to the modulation amplitude
can be even more significant and is sensitive to the value of the velocity threshold, but the
signal itself is smallest where the modification is greatest.
In principle, a detector that can give information about the direction of a detected
WIMP’s velocity would allow us to measure the local anisotropy. This is difficult, as it
would require an individual WIMP to interact multiple times inside the detector or require
a low detector density so the recoiled particle can be tracked. Once a discovery is confirmed,
however, it may be viable to consider such an experiment. Future work will consider this
possibility (also, see [5]).
We note that the anisotropy at radii beyond about the scale radius is sensitive to the
shape of the PPSD profile and to the other parameters, and it can also be quite large.
However, it seems unlikely that this grants a viable observational effect, since the density is
so low there and substructure would dominate any emission.
The most novel result of this work is the constraint on the velocity dispersion profile.
Requiring the anisotropy parameter to be physical (no greater than one) inside the virial
radius implies a maximum value for the local total velocity dispersion of about 300 km/s or
so. Typical assumed values for the local velocity dispersion (such as in the Standard Halo
Model, 220 km/s) do not seem to be in great danger, but this consistency check should be
remembered in future model-building.
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A Detailed expressions
Here we discuss the derivation of the anisotropy parameter and related quantities in detail.
We consider two-power-law density profiles, with inner slope γ0 and outer slope γ∞,
ργ0γ∞ (x) = ρsx
−γ0 (1 + x)−γ∞+γ0 . (A.1)
The contained mass is, omitting the constant factor 4piρsr
3
s ,
Mγ0γ∞ (x) = (−1)
γ0−1B−x (3− γ0, 1 + γ0 − γ∞) , (A.2)
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where Bz(a, b) is the incomplete beta function. Note the following particular cases:
M1γ∞(x) =
1− [1− x (2− γ∞)] (1 + x)
2−γ∞
(3− γ∞)(2− γ∞)
, (A.3)
M12(x) = x− log(1 + x), (A.4)
MNFW(x) =M13(x) = −
x
1 + x
+ log(1 + x), (A.5)
Mγ04(x) =
1
3− γ0
(
x
1 + x
)3−γ0
. (A.6)
From the PPSD power-law in eq. 2.2 and the general density profile in eq. A.1, we have the
radial velocity dispersion
σ2r (x) = σ
2
r,s
[
x−γ0+α
(
2
1 + x
)γ∞−γ0]2/3
. (A.7)
For the NFW profile this is
σ2r (x) = σ
2
r,s
(
4x−1+α
(1 + x)2
)2/3
. (A.8)
The expression for the anisotropy parameter β (x) in eq. 2.4 is general. Specific to the case
of the NFW profile, it is
β(x) =
5 + 15x
6 + 6x
−
α
3
− Σ−2 · 3x−(2α+1)/3
(
1 + x
2
)1/3
[−x+ (1 + x) log(1 + x)] . (A.9)
with Σ2 ≡ σ2r,s/(4piGr
2
s ρs/3). The upper limit on Σ in the case of a NFW profile is
Σ2 ≤ Σ2max ≡
32 · 22/3(1 + c)4/3 [−c+ (1 + c) log(1 + c)]
c(1+2α)/3 [9c− 2α(1 + c)− 1]
. (A.10)
This translates to the upper limits on σr,s and σr,⊙:
σ2r,s ≤ σ
2
r,s,max ≡ (4piGr
2
s ρs/3)Σ
2
max (α, c) , (A.11)
σ2r,⊙ ≤ σ
2
r,⊙,max ≡
(
4x−1+α⊙
(1 + x⊙)
2
)2/3
σ2r,s,max (α,Mvir, rs, c) . (A.12)
Finally, because σtot,⊙ increases monotonically with σr,⊙, its upper limit is
σ2tot,⊙ ≤ (3− 2β⊙)σ
2
r,⊙,max, (A.13)
which depends on α, Mvir, rs, c, and r⊙.
B Asymptotic behavior
We split the function for the NFW anisotropy parameter in eq. A.9 into two parts, so β(x) =
A(x) +B(x), with
A(x) =
5 + 15x
6 + 6x
−
α
3
, (B.1)
B(x) = −Σ−2 · 3x−(2α+1)/3
(
1 + x
2
)1/3
[−x+ (1 + x) log(1 + x)] . (B.2)
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The first part has simple asymptotic limits
A(x)→
{
(5− 2α)/6 for x→ 0
(15 − 2α)/6 for x→∞
(B.3)
while the second is more complicated. In the limit x→ 0, we have
B(x)→


−∞ if α > 5/2
−2−4/3 · 3× Σ−2 if α = 5/2
0 if α < 5/2
(B.4)
and in the limit x→∞, we have
B(x)→
{
0 if α > 3/2
−∞ if α ≤ 3/2
(B.5)
As long as 3/2 < α < 5/2, the extreme values of β(x) are determined solely by α.
C Details of anisotropic velocity distributions
We use the velocity distribution in eq. 5.1 to model the local velocity distribution, with
p = 1.5 from [33] and with vesc = 550.7 km/s from [7]. The choice of parameters vr,0 and vt,0
determine the velocity dispersion and anisotropy parameter. Figure 8 plots contours that
give the specified value of β or σtot. In this work we choose σtot = 287 km/s as the mean
value [7]. For the isotropic case, this implies vr,0 = vt,0 = 209.8 km/s; for the anisotropic
case, with β = 0.2, this implies vr,0 = 270.4 km/s and vt,0 = 187.1 km/s.
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